Abstract. The main result of this paper is that over a noncommutative Koszul algebra, high truncations of finitely generated graded modules have linear free resolutions.
See [4] and [5] for generalities on the theory of graded algebras, and [6] and [7] for information on dualizing complexes. My notation is mostly standard, but I do want to give a few keywords:
The opposite algebra of A is denoted A opp , and A-right-modules are identified with A opp -left-modules. The abelian category of graded A-left-modules and graded homomorphisms of degree zero is denoted Gr A. 
Matlis duality exchanges graded A-left-and graded A-right-modules, and is exact and therefore well-defined on derived categories.
Background results
Proof. First observe that there are natural isomorphisms
Here (a) is by [4, thm. 
Here (d) is by [4, thm. 1.6] again, while (e) is by [6, cor. 4 .8] and (f) is by the above computation.
there is a convergent spectral sequence
Proof. Let J be an injective resolution of Y . Consider the double complex given by
The spectral sequence arising from the second standard filtration of the total complex Tot M gives the lemma's spectral sequence.
Proof. Let F be a flat resolution of X. Consider the double complex given by
The spectral sequence arising from the second standard filtration of Tot M gives the lemma's spectral sequence. To see that the sequence has the indicated limit, one needs the computation 
Two notions of regularity
The following is almost the classical definition of Castelnuovo-Mumford regularity of graded modules, given over polynomial algebras in [3, 
If X is p-regular but not (p − 1)-regular, then I define the Castelnuovo-Mumford regularity of X to be
The following is the competing definition of Castelnuovo-Mumford regularity given in [1] . In order not to confuse things, I have to use a different name.
If X is r-Ext-regular but not (r − 1)-Ext-regular, then I define the Ext-regularity of X to be Ext.reg X = r.
If X is not r-Ext-regular for any r, then Ext.reg X = ∞. If X is r-Extregular for every r (that is, if Ext A (X, k) = 0), then Ext.reg X = −∞. The following two theorems show that the notions of CastelnuovoMumford and Ext-regularity enjoy a close relationship. Note the structural similarity between the proofs.
Proof. Observation 2.3 gives CMreg X = −∞, so for Ext.reg k = ∞ the theorem makes sense and holds trivially. So I can assume that Ext.reg k = r is finite. By observation 2.4, the minimal free resolution F of k A then has the generators of F m placed in degrees less than or equal to r + m for each m, so F m can be written as a finite coproduct
with σ mj ≤ r + m. Taking Matlis duals, I = F ′ is a minimal injective resolution of A k which has
still with σ mj ≤ r + m.
(1) Set p = CMreg X and Z = RΓ m X. Then
and this vanishes in degrees less than or equal to −p − 1 − n − r − m by equations (1) and (2), so also
Lemma 1.2 provides a convergent spectral sequence
and since equation (3) shows (E Ext.reg X ≤ p + r = CMreg X + Ext.reg k.
Proof. Observation 2.3 gives CMreg A = −∞, so for Ext.reg X = ∞ the theorem makes sense and holds trivially. So I can assume that Ext.reg X = r is finite. By observation 2.4, the minimal free resolution F of X then has the generators of F m placed in degrees less than or equal to r + m for each m, so F m can be written as a finite coproduct
for each n. Now, Tor
and this vanishes in degrees larger than or equal to p + 1 − n + r − m by equations (5) and (6), so also 
Lemma 1.3 provides a convergent spectral sequence
and since equation (7) shows (E 
Linear free resolutions
The following main result is a simultaneous extension of [1, cor. 2] (to the non-commutative case) and [5, thm. 2.6] (to the non-AS-regular case).
Recall that A is the algebra of setup 0.1. Proof. The result clearly holds if M ≥s (s) is 0, so I can assume M ≥s (s) ∼ = 0. Let F be the minimal free resolution of M ≥s (s). As M ≥s (s) sits in non-negative degrees, it is clear for each m that F m has no generators placed in degrees strictly smaller than m. Hence it is enough to prove for each m that F m also has no generators placed in degrees strictly larger than m. By observation 2.4 this is the same as proving Ext.reg(M ≥s (s)) ≤ 0.
Since A is Koszul, Ext.reg k = 0 holds. By theorem 2.5, the inequality (9) will therefore follow from CMreg(M ≥s (s)) ≤ 0, which is again the same as CMreg(M ≥s ) ≤ s, that is
